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e Answer all the following questions e No. of questions:3
o [llustrate your answers with sketches when necessary. e Total Mark: 80 Marks
e The exam. Consists of one page

1a) Evaluate the following integrals

crl /3
i) j(l— ii) I , i) J' (\/75n9+cose) do, iv) I a™"dx |
—1/6
3
V) t2 cos3te™dt, vi) j (log x)"dx , [Z52 g7 ciza+iz+2=6
0 0 a c (z-0)
(21 marks)
1b) Find Laplace Transform for the following functions
t? +1 t<1l
. eZt —e¥ .. 3t t 2U
i) f(t) = + cos2t coshbt, i) gt) =<e* +1 1<t<2¢+t [ e“sinudu
t u=0
1 t>2
(8marks)
2a) Find inverse Laplace for the following functions:
. g2 25 N 9s+4 , _ s+5
i) F(S) = + : i) G(S) = st
(s+1)2+4 S(s+4s+4) (s+3)° s +6s+20
(8 marks)
2b-i) If f(2) = €‘cos(ay) + i €sin(y-b) is differentiable at every point, then find aand b.
(5 marks)
- . 22+5z+7 . . .
2b-ii) Find residues of f(z) = > using Residue theorem — Laurant series.
(z-1)“(z°-3z-4)
(5 marks)
2b-iii) Expand in Fourier series
/124X, —t<x<0
i) =17 0 TTEXED en deducethesum =+ =+ Ly
n/2—X, O<x<m 3 5 7
0<x< ©
1) f(x) = ™ thenfind 5 =
( -7, T<X<2W n=1n
(10 marks)
3-a) Solve using Laplace Transform the following differential equations:
i)y -2y=8t,y(0) =3,
i) y +y=-12eZcost, y (w/4) = 12,y (n/4)=2-2
(8 marks)
3b-i) Find the constants of the curve y(x) = acosx + bsinx that fit the data: (-1,2), (3,4), (6,9)
(7 marks)
3b-ii) Solve the following system of equations using Picard up to 2™ approximation
X -3y =-2t+x-2y-7,2x +y =10t +y + 3- t?, x(0) = 1, y(0) = -3
(8 marks)
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M odéel answer

. 1 _1 0 '[C+1 100 y cl/2
1ai) Puty =t thereforedt = =y 2dy, therefore —dt— ==B(m,n
) Puty Sy 2dy £(1+t2)2 | ey dy B( ),
wherem-1=c/2, m+n=2
1 y(3cm)/3 23
laii) Puty = t%, therefore dt = —y 3dy, therefore 4d ==
3(1 t%) 3(1 y)

/3
la-iii) I(\/—sn6+cose) do
—n/6

/3 \/_ /3
_|. Sing+= cose) de 2 I [cos(n/6) sinB + cos(1t/6) cose] dG puty = 6 + m/6, thus

—1/6 —11/6
/3 /3 /2
J' (\/75m9+cose) do = J' [Sln(9+1'c/6)] de f[smy] dy——B(m n), 2m-1="%, 2n-1 =0
-7t/6 —n/6
2’ +52+7

la-vii) Since z =i isinside contour, thereforej dz= 2mi (i) = 4mi

z-i)*

s-5 s+5
+

1b-i) F(s) = of[ln(s+3) -In(s-2)] ds + E[
2 (s-5)°+4 (s+5)2+4

1
-3t S
1b-u)G<s)—Ht +1je” dt+f[e rhetdr [ e ‘E[s[(su) Ty

1

25 b o —25 2t 1
=25 ue“ du=—-1I[2t+De“ -1], therefore L { ——=1} =
} uio 7 [( ) ] {SZ(S+2)2}

2ai)SinceLy{ — &
) { 5+ 27

t 1
_ 2u — -2t _ R G
(-25/4) UIL)[(zuﬂ)e N du= (25/4)[(t+1) €2 +t-1], therefore L™ S+ 2)2}

-27tS

(25/4) j [(U+D)e? +u—1du and L’ {— 1= () sin2(t-21) €2V y(t-2n)
u=0 (s+1)*+4

9s+4 _ 9(s+3)-23 1, 9s+4

3~ 3 ,tthEfOI’eL{ ) Ote -3t (23/2) t2 -3t d23+—5 _
69 (S+3) (s+3)° +6s+20

(st3)+2 -3t
—————  therefore L e [cosv1lt +(2/V11) siny11 t
(s+3)2+11’ { 6 +20} [ ( ) ]
2b-i) Sincethe function is dlfferentl able, therefore f(z) isanalytic, i.e. Cauchy-Riemann equation is

satisfied, hence o _ov and N _ 2; thus €cos(ay) = € cos(y-b), thena=1, b=0.

ox oy | ox

2&-ii) Since

2bii) £(2) = 2°+52+7  Z2°+5z+7 Res__ln .,y 2’ +52+7
z-0)2(Z-32-4) (z-)%(z-H(z+1) ' - ° 128 dz (z-1)?(z*-3z-4)

2 2 o N (99 N[ B 3
_ i 82 +9)(z" ~3z-4) (2223)(2 +52+7) _ 35, Res,-1 = lim (z+1) 22+52+7 _
21 (2" -3z-4) 36 z>-1 (z-1)%(z-4)(z+1)

- 3
—1,Reszz4=lim (2-4) 22+52+7 :%_
20 24 (z-1)“(z-4(z+1) 45




Z+5z+7 121219 91 1 _
(z-1)?(z*-3z-4) 36(z-1)> 45(z-4) 20(z+1)

~35z-43 91 1

- T+ i T ,Where|z|>4
36z2(1-5)2  45z(1-2) 20z(1+°)

Z Z VA

Using Laurant series

2b-ii)

I) The function is even, therefore

gn TE IT. »
8y = mf)[(n&) x]dx =0, ) . 22 > X
an = 2 [ [(/2)~X] cos(nx) dx = Z[[(1/2) — X](=sin(nx)) + (= cos(nx) )] . = —5—(1-cos nm)
mo T n n 0 n°n

1
Therefore =0 and a =——— ,thusf(x) =— 5> €0S(2n -1)x
“2n 2nl™ (2n-1)%x 0= nzl(Z -1)2 sen-)
By using parseval, we get l[(j) (n/2)+x] dx +j [(m/2)— x] dx] = 16 OZO 1 = n—Z
’ T n n n=1(2n-1)* 6’
4 4 4
therefore X ; = n—,thus£4+i4+i4+i4+....: . hencei4+i4+i4+.... =T
n=1(2n-1)* 96 I 3 5 7 96 3 5 7 96
[1) The function is odd harmonic, therefore I
: T 2n >
27T sin(2n-1)x —cos(2n-Dx = 4
. = [ XCOS(2n - DK dx = (X( )~ ) =
no0 T 2n-1 (2n-1 0 n(2n-1)
20 2 —cos(2n-1)x —sin(2n-Dx = 2
b,., =[x sin(2n-1x dx = — (x( )—( ) =
o n 2n-1 (2n-° 0 (2n-1)
Thusf(x) = 3 &, cos2n-1)x + 3 b, sin(2n-1)x
n=1 n=1
4 1
Put x = 0, therefore Z -——— =0, therefore Z —_—
=1 m(2n-1)° n=1 (2n-1)°
3a-i) By taking Laplace to both sides, we get Y (s) = 8 + S , therefore y(t) =

$(s-2) (s-2)

t
4 [ [e*-1du+3e™
u=0



-12(s+2)

3a-ii) By taking Laplace to both sides, we get s> Y (s) —sy(0) =y (0) + Y(s) = 5
(s+2)°+1

-12(s+2) L’ b
[(s+2°+1][s*+1] [s°+1] [$°+1]
As+B Cs+D as b

+ + +
[(s+2°+1] [&°+1] [$°+1] [$"+1]
y(t) = A e® cost +(B-2A) € sint + Ccost +Dsint +acost + bsint,
buty (n/4) = m/2,y (n/4) = 2-/2, therefore wecan get aand b.
3b-i) If we consider the function y=a ¢ (X) +b¢(X) such that

ﬁyidux.)=aﬁ¢;<xi>+bﬁ¢o<xi)¢.<x.>, 2 Yh0x) = a2 0on0x)+ b ¢ (x),

Therefore Y (s) = by assuming y(0)=aandy (0) =b

ThusY(s) = , therefore

whered, (x) = cos(x) and ¢(x)=sinx, i¢0(xi)d)](xi) =-0.86, Zsl(l)j(xi) =219, Zsqu(xi) =0.81,

3 3
> 6,(x)y, = 576, 3 ¢(x,)y, =-3.63, therefore: 5.76 = 2.19a-0.86b, -3.63 = -0.86a + 0.81b
i=1 i=1



